Abstract -Photons are critical to quantum technologies since they can be used for virtually all quantum information tasks: in quantum metrology [1], as the information carrier in photonic quantum computation [2, 3], as a mediator in hybrid systems [4] , and to establish long distance networks [5] . The physical characteristics of photons in these applications differ drastically; spectral bandwidths span 12 orders of magnitude from 50 THz [6] for quantum-optical coherence tomography [7] to 50 Hz for certain quantum memories [8] . Combining these technologies requires coherent interfaces that reversibly map centre frequencies and bandwidths of photons to avoid excessive loss. Here we demonstrate bandwidth compression of single photons by a factor 40 and tunability over a range 70 times that bandwidth via sum-frequency generation with chirped laser pulses. This constitutes a time-to-frequency interface for light capable of converting time-bin to colour entanglement [9] and enables ultrafast timing measurements. It is a step toward arbitrary waveform generation [10] for single and entangled photons.
optical process in which a pair of optical fields of frequencies ν 1 and ν 2 create a third field with frequency ν 3 = ν 1 + ν 2 [1] . When the driving fields are transformlimited laser pulses and the acceptance bandwidth of the material is sufficiently large, the bandwidth of the SFG is larger than that of the input fields. Repeating this process with shaped, rather than transform-limited pulses, can drastically alter the spectrum of the SFG signal. Specifically, oppositely-chirped laser pulses in SFG and equally-chirped laser pulses in difference-frequency generation lead to narrow output spectra [25] [26] [27] . It was recently proposed theoretically to employ SFG between a chirped classical pulse and a single photon to enable compression of the photon pulse in time [10] ; interaction of a short laser pulse with the emission from a quantum dot achieves [18] similar results through temporal gating. In this letter, we exploit pulse chirping of a classical laser and a single photon to compress the bandwidth of the single photon, from 1740 GHz to 43 GHz, which is nearing the bandwidth regime of some quantum memories [28, 29] . When combined with shaped pulses, nonlinear optics in the quantum regime promises a new level of control over single photons [10, 30] .
Our scheme, depicted in Fig. 1(a) , uses SFG between a chirped single photon and an oppositely chirped intense laser pulse. The photon is chirped such that its frequency, centered at ν 0,P , increases in time, while the strong pulse centred at ν 0,L is anti -chirped such that its frequency decreases linearly in time. When the photon and pulse arrive at the crystal simultaneously, a red-shifted frequency component (ν 0,P − δ) will meet a blue-shifted component (ν 0,L +δ) with the same detuning δ and as a consequence, all frequency components will sum to a narrow frequency centered on ν 0,SF G = ν 0,P + ν 0,L .
A light pulse can be described by the frequencydependent electric field, E(ν) = U (ν)e iφ(ν) , where U (ν) and φ(ν) define the amplitude and phase, respectively. A linear chirp results when a transform-limited pulse is subject to a quadratic phase, φ(ν) ∼ A(ν − ν 0 ) 2 , with ν 0 the central frequency and A is a constant. A chirp increases the pulse duration and causes its instantaneous frequency to vary linearly in time ν(t) = dφ(t) dt = ν 0 ± 2π 1 2A t. When the chirped single photon (P) and anti-chirped strong laser pulse (L) have a relative time delay at the nonlinear crystal, ∆τ , the expected upconverted frequency is ν 0,SF G (τ ) = ν 0,P + ν 0,L + 2π 1 2A ∆τ , 
FIG. 1:
Single-photon bandwidth compression scheme. a, A broad-bandwidth single photon (P) with a linear frequency chirp is converted into a narrow-band photon of a higher frequency via sum-frequency generation (SFG) with a strong laser pulse (L) of opposite chirp, in a nonlinear crystal (NL). b, Experimental setup. The photon P is generated via spontaneous parametric down-conversion (SPDC) in a β-Barium-Borate (BBO) crystal (Type-I, 1 mm) and sent through 34 m of optical fiber (SMF) to introduce a linear chirp via group velocity dispersion [33] . The strong laser pulse is anti-chirped after a doublepass between two diffraction gratings (DG, 1200 lines/mm) [33] . The spectrally narrowed photon is generated in a 1 mm thick Bismuth-Borate (BiBO) crystal and detected with a photomultiplier tube (PMT) or sent to a spectrometer. For alignment purposes, the single photons can be substituted by a weak coherent state (W), split off from the laser beam using a half-wave plate and a polarizing beam-splitter.
where we assume the pulses have equal and opposite chirp, ±A. We consider the large chirp limit, where each pulse is stretched many times its transform-limited duration, i.e., A 2 ∆ν 4 1, where ∆ν is the full width at half-maximum (FWHM) of the spectral intensity distribution. We show in the Supplementary Material that the expected intensity bandwidth (FWHM) of the upconverted single photon is
Our technique thus compresses the spectral bandwidth of the photon by a factor inversely proportional to the chirp parameter A. By adjusting the delay between the pulses, the central frequency ν 0,SF G (τ ) of the upconverted photons can be tuned over some frequency range, approximately ∆ν 2 P + ∆ν 2 L (see Supplementary Information), limited by the spectra of the initial single photon and laser pulse.
The experimental setup is shown in Fig. 1(b) ; more details are in the Methods. The second harmonic of a pulsed laser is used to produce non-degenerate signal and idler photons through down-conversion, while the remainder of the fundamental serves as the strong classical pulse. We first measure the spectrum of the signal photons at the source, after the interference filter IF 1 , using a fiber-coupled spectrometer and find a width ∆ν P = 1740 ± 50 GHz FWHM centered around 811.11 ± 0.01 nm, see Fig. 2 . The photons are then sent through an optical fiber with positive dispersion and superposed with the anti-chirped strong laser pulse (∆ν L = 4770 ± 20 GHz) centered at 787.62 ± 0.02 nm) at the nonlinear crystal for sum-frequency generation.
The upconverted light is coupled into a single-mode fiber and sent to the spectrometer. As shown in Fig. 2 , we observe significant spectral compression. The measured bandwidth is ∆ν M = 74 ± 4 GHz centered at 399.7 nm. Taking the resolution of our spectrometer into account, ∆ν R = 60±4 GHz (FWHM), the actual width of the upconverted photon after deconvolution is ∆ν
GHz (see Supplementary Information for more details). This agrees closely with theory, ∆ν T H SF G = 32.9±0.9 GHz from equation (2), using the expected chirp parameter A = (−25.8 ± 0.3) × 10 6 fs 2 given by the geometry of our grating-based stretcher. We have therefore achieved a compression ratio of 40:1 in the single photon frequency bandwidth. Similar measurements were made after replacing the single photons by a weak coherent state (W), shown in Fig. 1(b) . The corresponding measured spectral width of the upconverted light was 67 ± 4 GHz, or 30 ± 12 GHz after deconvolution, showing similar performance with a classical chirped pulse with the same characteristics as the signal photons. Figure 2 shows the spectrum predicted by theory which would result from upconversion of the signal photon using the same pump laser without any chirp. The conversion in this case actually broadens the spectral band- Single-photon spectra in wavelength (top) and relative frequency (bottom). The signal photons at the source (shown in red) have an initial bandwidth of 1740 GHz centred at 811 nm after transmission through an interference filter. Once the quadratic phase is applied and the photons are upconverted, the photon bandwidth reduces to 74±4 GHz centred at 399.70 nm (blue curve). The spectra are shown as normalised spectral intensities and for the upconverted signal case, correspond to the average of six consecutive scans of 20 minutes acquisition time. We subtracted background counts determined by a supplementary scan with the signal photon path blocked. The blue dashed curve shows the theoretical spectrum of photons upconverted without our chirping technique but otherwise identical conditions. width of the original photon by a factor of 3, increasing the bandwidth gap between flying broadband photons and narrowband quantum memories, which further highlights the importance of our scheme.
The central wavelength of the narrowband upconverted photons can be tuned by controlling the relative delay ∆τ between the photon and the laser pulse, see equation (1) . The SFG spectrum was measured as a function of the delay of the single photon, with fitted central wavelengths shown in Fig. 3 . The data shows that the wavelength depends linearly on the delay as expected. The linear fit gives a slope of −0.0640 ± 0.0005 nm/ps in good agreement with −0.0648 ± 0.0008 predicted from equation (1) and A = (−25.8 ± 0.3) × 10 6 fs 2 . If the weak coherent state is used instead of single photons, we observe the same behaviour in the spectrum of the upconverted light, and the data are also shown in Fig. 3 . The lower SFG signal for single photons required longer integration times than for the coherent states; to reduce the effects of drift in experimental parameters all of the data in Fig.  3 was taken within a day. For the single photons, we focused on those delays demonstrating the widest possible tuning range. From the slope, we can extract the chirp parameter of A = (26.2±0.2)×10 6 fs 2 , in agreement with expectations based on the parameters of the stretcher.
Photons from SPDC are created in pairs and are strongly correlated in time; we expect these correlations are preserved through spectral compression. We first measured coincidence counts between single photon detectors placed in the source as a function of a time delay between the counts. Figure 4 (a) shows the coincidence counts versus delay, without background substraction. The peak around zero delay corresponds to a rate of 160,000 s −1 , within a 3 ns coincidence window. The histogram also contains side peaks from accidental coincidences with a separation of 12.5 ns matching the laser repetition rate. After propagating through the single-mode fibre, the signal photons are upconverted and detected with a single-photon counting photomulti- plier (PMT). Figure 4 (b) clearly shows that the coincidence rate observed at zero-delay between the upconverted and idler photons exceed the accidentals, preserving the strong timing correlation associated with individual photon pairs. If we instead upconvert the weak coherent state, which shares the spectral and temporal properties of the signal photon, all observed peaks in Fig. 4 (c) have the same height, as expected for a pulsed, but temporally uncorrelated source.
The efficiency of the upconversion process in our experiment is 0.06% with 300 mW of average power for the strong beam. Dramatically higher efficiencies can be achieved with the use of periodically poled crystals and higher pump powers [16, 21] . The technique here can, in principle, reach high efficiency; however higher laser power will be required for increased compression. One doesn't require 100% conversion efficiency to achieve a net gain. Ignoring the shift in centre frequency, one has an advantage once the efficiency is greater than about 100%/R, where R is the ratio of the initial to final bandwidth, which in our case is 40, for an efficiency of just 2.5%. The amount of negative dispersion achievable limits the maximum compression; with achievable parameters [31] and our spectra, one could achieve compression down to ∼1 GHz.
Future work will explore the case when the single photon is entangled with another. It is expected that polarization entanglement could be preserved by employing polarization-insensitive upconversion [17] . Theoretical calculations show that energy-time entanglement dramatically impacts this phenomenon (see Supplementary Information). Our technique could serve as a coherent interface between time-bin and frequency encodings of quantum information due to the delay-dependent central frequency, allowing the conversion of time-bin entanglement to colour entanglement [9] . It also enables ultrafast timing measurements with slow detectors [11] by converting different pulse arrival times to different frequencies which could more easily be distinguished. With our experimental parameters, one could distinguish time bins with separation as short as 0.6 ps over a 40 ps range. Future work will investigate nonlinear interactions with more complex shaped pulses for manipulating single photons; for example, coherent superpositions of chirped pulses with different delays would allow ultrafast single-photon time-bin measurements. The application of shaped pulse nonlinear optics is a promising and unexplored regime at the quantum level.
Methods
Our laser (Spectra Physics Tsunami HP) has a 790 nm central wavelength, 10.5 nm spectral bandwidth (FWHM), 80 MHz repetition rate, and 2.5 W average power. The laser repetition rate is stabilized by a feedback system (Lok-to-clock) which is important for the present experiment (see Supplementary Information). Second-harmonic generation in a 2 mm thick BiBO crystal yields a beam of 830 mW, centred at 394.2 nm with 1.3 nm bandwidth, which generates the broadband and non-collinear photon pairs. In the signal-photon path, the interference filter IF 1 shown in Fig 1(b) , with a nominal bandwidth of 5 nm (FWHM) centered around 811 nm, is inserted to keep its central frequency separated from that of the laser beam at 790 nm, to separate the spectrum of the second-harmonic background from our signal. Due to the energy conservation of SPDC, an interference filter, IF 2 , centered around 770 nm and nominal bandwidth of 3 nm is inserted in the path of the idler-photon.
We first optimize the setup with a weak coherent state (W), split off from the strong laser pulse using a halfwave plate and a polarizing beam-splitter. An interference filter (IF 3 ) is inserted in its path and the transmitted spectrum has a measured bandwidth of 3.85 ± 0.03 nm (∆ν W = 1760 ± 10 GHz) centered at 810.49 ± 0.01 nm, closely matched to IF 1 .
The strong laser pulse was re-collimated before being anti-chirped in a grating-based setup [32] , with normal separation of 38 cm between the gratings, carefully adjusted to minimize the spectral width of the upconverted light. The bandpass filter IF 4 highly attenuates any power in the tail of the laser spectrum above 800 nm to further suppress second-harmonic background and after the filter, the pulse has a measured bandwidth of 9.86 ± 0.05 nm (∆ν L = 4770 ± 20 GHz) centered at 787.62 ± 0.02 nm. We used an achromatic doublet with a 75 mm focal length in the upconversion setup, and the conversion efficiency was optimized by fine tuning the relative delay between the two inputs, the spatial overlap at the crystal, and the phase matching by angle tuning. A 14.5 nm bandpass filter IF 5 with central wavelength at 405 nm is placed in the SFG beam to reduce background. The weak beam is finally replaced by the single photons, with the same optical path length. We used a spectrometer (Acton SP-2750A) with a 1200 lines/mm diffraction gratings blazed for 400 nm and entrance opening of 20µm with a resolution of 60 GHz. We use the spectrograph, free-running mode with a back-illuminated CCD camera (PIXIS: 2048B). 
SUPPLEMENTARY MATERIAL THEORY
We model the creation of upconverted single photons through the interaction Hamiltonian, H, of a three-wave χ (2) non-linear process. We assume that frequency bandwidths are narrow and perfect phasematching ( k P + k L − k SF G = 0) is achieved, allowing us to simplify our Hamiltonian (ignoring constants) to
(S1) Our initial three-mode state |ψ i is defined as a single photon
iφ L (ν2) |α ν2 and an output signal, initially vacuum |0 SF G . For each of the input pulses, the frequency distribution of the field amplitude is assumed to be Gaussian,
with intensity full-width at half-maximum (FWHM) ∆ν i and the phase term to contain only linear and quadratic
2 , where τ corresponds physically to a time delay and A to a linear chirp.
Assuming no frequency correlations between the single photons and idler, a lossless and nondispersive medium, and an interaction time much longer than optical frequencies, the first order term of the time evolution of the state (postselecting on the generation of a photon in the output mode) is found to be proportional to
(S2) From this, the electric field amplitude E(ν 3 ) as a function of frequency is thus proportional to
which is the convolution of the frequency domain representation of the two input pulses. Classically, assuming narrow bandwidth, the field produced in sum-frequency generation is directly proportional to the product of the two input fields in the time domain, or the convolution of the fields in the frequency domain [1] . Thus, the same spectral properties are expected if both inputs are classical coherent states.
The field intensity |E(ν 3 )| 2 of the upconverted photons is found to have a spectral FWHM ∆ν SF G independent of time delay ∆τ ,
In the case where no chirp is applied to the pulses, i.e. A P = A L = 0, the bandwidth directly simplifies to ∆ν 2 P + ∆ν 2 L . On the other hand, this bandwidth is minimized for equal and opposite chirps A P = −A L = A. If we also make the large chirp approximation that A 2 ∆ν 4 1, the intensity width simplifies to
showing that the bandwidth is inversely proportional to the chirp rate. For our experimental parameters, A 2 ∆ν 4 = 6000 and the approximation affects the expected frequency bandwidth by only 0.002%.
The time delay ∆τ appears as a shift in the central frequency ν 0,SF G as well as an overall amplitude reduction, but has no fundamental effect on the bandwidth of the signal. Making the same assumptions as before, the central frequency ν 0,SF G is found to be a function of relative delay ∆τ ≡ τ 2 − τ 1 as
The efficiency of the upconversion process will depend on the overlap of the two pulses. If we define the frequency shift in equation (6) as δν = π∆τ A , the intensity of the upconverted light contains a constant prefactor reflecting the overlap, exp − 4 ln 2δν
. This prefactor limits the frequency tuning range to ∆ν 2 P + ∆ν 2 L FWHM. Converting to wavelength as in Fig. 3 in the main text and expanding to a first-order Taylor series about zero delay, the linear wavelength shift with delay ∆τ is found to be
(S8)
EFFECT OF ENERGY-TIME ENTANGLEMENT ON BANDWIDTH COMPRESSION
Spontaneous parametric down-conversion often emits photons with varying degrees of energy-time entanglement, depending on the phase-matching and pump characteristics. Thus, it is important to consider the effect of our compression scheme when the single photon is part of an energy-time entangled pair. As we show in the following calculations, the presence of energy-time entanglement significantly alters the achievable bandwidth compression with our scheme.
We assume that the photon of interest, the signal (s), is potentially entangled with a second photon, the idler (i), with a combined state of the form
where f P (ν s , ν i ) is the joint spectral amplitude and may be inseparable. Note that we implicitly assume a single spatial and polarizaton mode for each photon, and vacuum in a third SFG mode. We consider a linear chirp e iA(νs−ν0) 2 applied to the signal photon and use the Hamiltonian of equation (1) to calculate the sum-frequency generated by a nonlinear interaction with some anti-chirped strong laser pulse (L), whose spectral amplitude is α(ν 2 ) = f L (ν 2 )e iφ L (ν2) . Using first-order perturbation theory and only considering cases where a photon is created in the SFG mode, we have the state
where
To find the spectral distribution of the upconverted photon, we trace out the idler photon, leaving
(S11)
To obtain some physical intuition, we employ the model two-photon spectral function
where σ is related to the bandwidth of each photon. The constant σ c , controls the degree of entanglement in the system. In the limit where σ c → ∞, the correlation term is constant and the spectral function is separable. In the opposite limit, where σ c → 0, the correlation term becomes a delta function δ(2ν 0 − ν s − ν i ) and the two photons are perfectly energy-time entangled. For simplicity, we have assumed the photons are degenerate, where the central frequencies of the signal and idler photons are equal. Note that the intensity spectral bandwidth of one of the photons is ∆ν P = 2 √ ln 2
We further assume that no time delay is present between the pulses and the nonlinear crystal and that the chirps are equal and opposite, A s = −A L = A. Defining the intensity bandwidth (FWHM) of the strong laser pulse as ∆ν L = 2 √ ln 2σ L , and taking the large chirp limit A 2 σ 4 1, we find the intensity bandwidth (FWHM) of the SFG,
We consider the extreme limits of σ c to draw some general conclusions. Recall that, for σ c nearing infinity, the two-photon spectral distribution is separable (as we assumed in our initial calculations) and each part of the two-photon state is spectrally pure. In this limit, the expression simplifies to
This expression is identical to equation (2) of the main text, where a spectrally pure input photon was assumed. Now we consider the limit of an infinitely narrow pump, where σ c approaches zero. By inspection, the only chirp-dependent term in the spectral width of equation (13) is found to be also proportional to σ 2 c . Thus, when the correlations are perfect, the spectral width is independent of the chirp parameters and can be written as
showing that compression via pulse shaping is rendered completely ineffective in the perfectly correlated limit. Note that this is the result obtained for separable states with zero chirp. Thus energy-time entanglement significantly impacts the degree of spectral compression. The preceding calculation shows that energy-time entanglement between the signal and idler photon can dramatically alter the degree of bandwidth compression achieved when the idler is traced out, i.e., ignored. We can consider a related scenario where the idler photon frequency is measured with outcome, ν 0 i . If we use equation (9) as our initial state again, the measurement of the idler frequency will leave the signal in the pure state,
Since the signal is left in a pure state with no complications due to entanglement, we can apply the theory from the Section I of this supplementary material. Specifically, we expect the upconverted photon to be described by the state in equation (2) . Using the specific functional form for f P in equation (12), we find that the single photon spectral amplitude function f P (ν s , ν 0 i ) has an RMS spectral width, σ eff where,
This new effective bandwidth σ 2 eff < σ 2 . A larger chirp parameter, A, is thus required to reach the strong chirp limit and the bandwidth compression in that limit (equation (5)) will be reduced.
We can again examine the extreme limits. In the separable limit, σ c → ∞, measurement of the idler photon frequency gives no information about the signal frequency and σ 2 eff = σ 2 . In this case, we expect no modification from the bandwidth compression predicted in Section I. In the very strong entanglement limit, σ c → 0, the effective bandwidth of the signal σ 2 eff → 0. Substituting A L = −A P = A and ∆ν P = 0 into equation (4), gives ∆ν SF G = ∆ν L , i.e., the chirp has no impact on the final bandwidth and the SFG bandwidth is set by that of the laser; there is no bandwidth compression in the very strong entanglement limit.
EFFECT OF BANDWIDTH COMPRESSION ON ENERGY-TIME ENTANGLEMENT
We have shown that energy-time entanglement impacts the degree of bandwidth compression. It is interesting to turn this question around and consider how energy-time entanglement between the photons is modified through the nonlinear interaction. It is well-known that entanglement cannot increase through local unitary interactions. However, here we consider only those components of the final state in which the photon is up-converted, so entanglement could be concentrated in a similar manner to the Procrustean protocol [2] .
For pure two-photon states, entanglement can be quantified using the entropy of the reduced density matrix of either photon. Larger entropy indicates more entanglement. The Rényi α-entropy for a quantum state ρ is defined,
where α > 1 [3] . In particular, we consider the case α = 2 as it shows states with larger entropy, and hence larger entanglement, have lower purity, Trρ 2 .
Starting with the initial two-photon state from equation (9) , it can be shown that the purity can be calculated from the reduced density matrix of the signal photon, ρ S ,
Checking limits, we find that for σ c → ∞, Tr S ρ 2 S = 1 as expected for separable states, and for σ c → 0 with finite σ, Tr S ρ 2 S = 0 as expected for perfectly entangled continuous-variable states.
A similar calculation can be done for the idler-SFG photon state in equation (10) . We can define the effective two-photon spectral amplitude,
Assuming the chirp rates are balanced and opposite, A P = −A L = A and using σ L to represent the laser field RMS bandwidth and the two-photon spectral amplitude from equation (12), we calculate the purity, which is given by the complicated expression,
The difference in the purity before and after the upconversion process is,
This quantity is nonnegative and the purity cannot decrease, thus the entanglement cannot increase in the scenario considered here. It is an interesting open question whether such a statement could be generalized to higher orders of perturbation theory. It is also interesting to see if more complex shaped pulses could enable entanglement concentration on the upconverted subensemble.
ERROR ESTIMATION FOR THE SPECTRAL WIDTHS
We estimated the uncertainties in the bandwidth of the SFG for the single photon and weak coherent state in the following way. We characterized the resolution of our spectrometer using a narrow band diode laser (Toptica Bluemode) with 5 MHz of spectral width centered at a wavelength 404 nm. Using a fit to a Gaussian function, we measure the spectrometer resolution to be (0.033 ± 0.002) nm at the diode laser wavelength. We measured the bandwidth for several input intensities and found that bandwidth measured has some intensity dependence at low power; this is the dominant source of error in the bandwidth. Using the expression ∆ν = c λ 2 ∆λ we determine the resolution to be ∆ν R = (60 ± 4) GHz.
We measured the spectrum of the upconverted single photons 6 times, fit each to a Gaussian function, and found the width, 74 ± 1 GHz (see Fig. 2 in main text) , where the uncertainty is the standard deviation in the widths from the fits. To include the spectrometer resolution we add ±4 GHz in quadrature to obtain the reported result, ∆ν M = 74 ± 4 GHz. To deconvolve the spectrometer resolution from this result for comparison with theory, we assume Gaussian spectra and use the relation, ∆ν Real = ∆ν 2 M − ∆ν 2 R = 43 GHz and Gaussian error propagation gives an uncertainty of 9 GHz.
We apply the same method for the weak coherent state. The measured width was fitted using one spectrum only, with a value of 67.2 ± 0.4 GHz. Including the spectrometer resolution gives ∆ν W CS M = 67 ± 4 GHz, and deconvolution yields ∆ν W CS Real = 30 ± 12 GHz.
LASER REPETITION RATE STABILIZATION
Our experiment requires that two short pulses of light, one from the single photon and the other from the strong laser, overlap in space and time at the nonlinear upconversion crystal. Temporal jitter between the pulses will lead to broadening of the second harmonic spectrum since the central frequency of the light is dependent on their relative delay. In many scenarios, perfectly time synchronized pulses are created by splitting a single laser pulse on a beamsplitter. This is common to many types of interferometry or pump-probe techniques. In these cases, the signal is insensitive to changes in the repetition rate of the laser and one need only consider small changes in the relative path lengths. However, this is not the case here, as the single photon (or weak coherent state) and strong classical laser beam originate from different laser pulses.
Our experimental setup is shown in Supplementary  Fig. 1 . The optical delay for the down-conversion path is t 1 measured from the beamsplitter (BS 1 ) through the down-conversion to the end of the 2 m fiber. This delay was carefully matched to that experienced by the weak coherent state which we also label as t 1 . The additional delay t 1 corresponds the one taken by either the single photon or the weak coherent state through the 32 m of single mode fiber, up to the nonlinear crystal. The optical delay for the strong classical pulse is t 2 measured from the same beamsplitter, through the grating-based stretcher and to the nonlinear crystal. The time delay between subsequent pulses is 1/R, where R is the repeti- 
BS 1
Supplementary Figure 1: Simplified version of the experimental setup. The path length from the first pulse to the nonlinear crystal has an optical delay of t 1 + t 1 . This delay is equal to that experienced by the weak coherent state to the nonlinear crystal. The delay for the optical path from the beamsplitter to the nonlinear crystal through the grating-based setup is t 2 , but since the relevant pulse originates later than that which creates the down-converted photon, we have to add an additional contribution n/R where n is the number of pulses later and R is the repetition rate of the laser.
tion rate of the laser, in our case 80 MHz. To this second path, we add the extra delay n/R to account for the fact that the light arriving at the nonlinear crystal from path 2 originated n pulses later than that from path 1. Thus, the timing difference, ∆t is ∆t = t 2 + n/R − t 1 − t 1 .
Thus the relative time delay between either the single photon and the strong classical pulse or the weak coherent state and the strong classical pulse depends on both the repetition rate and the number of pulses separating them.
Experiment 1
We measured the spectral line of the sum-frequency generated from the weak coherent state and the strong laser pulse, as the repetition rate was manually detuned from 80 MHz. The results from our experiment are shown in Supplementary Fig. 2 . The data is well fit by a straight line with slope 0.1188 ± 0.0004 nm/kHz. C e n t e r w a v e l e n g t h ( n m ) S c a n # Supplementary Figure 3 : Lok-to-Clock feature off. The filled triangles correspond to the case when the locking feature is on, and the empty triangles when the feature is not activated. Each scan is 10 minutes long, and repeated five times. The shift in the central position in the case without the Lok-to-Clock is caused by a 50 Hz detuning. The error bars are smaller than the data points.
Throughout the experiments described in the main body of the paper and above in the supplementary material, we employed the repetition rate locking feature on our Titanium:sapphire laser to maintain a constant repetition rate. We took two sets of data, one with stabilization on, the other with it off. The results are shown in Supplementary Fig. 3 . For each set, we measured the peak position of the upconverted weak coherent state, with a 10 min. acquisition time and repeated five times. The data show that the center wavelength drifts significantly without stabilization.
